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NIJENHUIS TENSOR IN AN L-CONTACT MANIFOLD

L K Pandey”

ABSTRACT

In 1989, K. Matsumoto [2] introduced the notion of manifolds with Lorentzian paracontact
metric structure similar to the almost paracontact metric structure which is defined by I. Sato [3],
[4]. The purpose of this paper is to study the Nijenhuis tensor in various forms in an L-Contact
manifold.
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1. Introduction

An n-dimensional differentiable manifold M,,, on which there are defined a tensor field Fof type
(1, 1), a vector field T, a 1-form A and a Lorentzian metric g, satisfying for arbitrary vector
fields X,Y,Z, ...

(1.1) TEF x — AT, T=0, A(T) =—-1, X< FX, AX)=0, rank F=n—1
(1.2) gXY)=gXY)+AX)A(Y),where A(X) & g(X,T),
FX,Y) 2 g(X, Y)=—g(Y, X)=—F(,X),

Then M,, is called a Lorentzian contact manifold (an L-Contact manifold) and the structure

(F,T, A, g) is known as Lorentzian contact structure (an L-Contact structure).
2. Nijenhuis Tensor

Nijenhuis tensor [1] is a vector valued bilinear function given by
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(1) NXY)=[XY]+XY]-[XY]-[xY]

Therefore, Nijenhuis tensor in L-Contact manifold is given by

NX,Y=[XY]|-[XY]- [XY]-[XY]-A(X,YDT

Theorem 2.1 Let

(22) BV E[XY]|+[XxY]

Then

23)(@ B(X,Y)+BX,Y)=-AX|[T.Y]|-AW)[X,T

[S—

() B(X,Y)—-B(X,Y)=—-AXI[T,Y]+AMX,T]

Proof. Barring X and Y in (2.2) and using (1.1), then adding to (2.2), we get (2.3) (a). Again
barring X and Y in (2.2) separately and using (1.1), we obtain (2.3) (b).

Theorem 2.2 Let
(2.4) CX,Y) = [X,Y]-[X,Y] - A(X,YDT
Then
25 @ c(X,Y)=—-[XY]-[XY]- AX)[TY]-A(X,YDT
) c(x,Y)=-[xY]-[XY]- AN[X,T]-A(XY]T
© c(X,Y)=—[XY]+[X, Y]+ AX[T,Y]1+AM[X,T]1-A([X,Y])T
d c(x,y)-c(x,Y)=-AM[T.Y]|-A([X, YT + AN[X,T ]|+ A([X, YT

@ CXY)+CcXY)=AIT,Y]+AMI[X,T1-A([X,Y])T - A(IX,YDT

M cXY)-cX,Y)=-AX[T,Y]|+AM) [X,T]
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@ C(X,Y)+CXY)=AX)I[T,Y]1+AY)[X,T]

Proof. Barring X and Y separately in (2.4) and using (1.1), we get (2.5) (a) and (2.5) (b)
respectively. Barring X and Y both in (2.4), then using (1.1), we get (2.5) (c). Remaining
equations follows from (2.4) and (2.5) (a), (2.5) (b), (2.5) (c).

Theorem 2.3 We have

26) (@) NX,Y)=CXY)+C(X,Y)+AX)|TY]
() NX,Y)=c(X,Y)-CX,Y)+ AX)IT,Y]

Proof. Barring (2.5) (a) and adding with (2.4), then using (2.1), we get (2.6) (a). (2.6) (b)
follows from (2.5) (a), (2.4), (2.1) and (1.1).

Corollary 2.1 We have
2.7) (@) A(CX, V) =A(X, Y]

(b) ACEY))=-A(XY]) - AOA(T.Y])

© 4(c(x.V))=-a([XY])- AMA([X,T])

(@ A(C(X.Y))=AUX YD)+ AXAT,Y ]) + AMNA(X,T])

Proof. Applying the 1-form A in the equations (2.4), (2.5) (a), (2.5) (b), (2.5) (c) and using (1.1),
we obtain (2.7) (a), (2.7) (b), (2.7) (c), (2.7) (d) respectively.

Corollary 2.2 We have

(2.8) (a) C(X,T) = —[X,T] — A([X,TDNT
() A(C(X,T))=0

Corollary 2.3 We have

(29) (8 ANX,Y)) = A(CX,Y))
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() ANXY))=ACXY))

Corollary 2.4 We have

(210)(a) NX,T)=C(X,T)+C(X,T)
) NX,T)=c(X,T)-CX,T)

Corollary 2.5 We have

(211) (@) BX, V) +C(X,Y)=-AX)|T,Y]

() B(X,Y)+C(X,Y)=AMI[X,T]

© B(X,Y)-c(X,Y)=-AX)|[T.Y]
Theorem 2.4 Let
(212) EXY)Z[XY]-[XY],

Then

(213) EX,Y)+E(X,Y)=NX,Y)+A(X,YDT — AX)[T,Y |
Proof. Barring X in (2.12) and using (1.1), we get
E(X,Y)=-[X,Y]-AX)[T,Y |- [X,Y]

Barring the whole equation and using (1.1), we obtain

E(X,Y)=-[X,Y]-AX)[T,Y]-[X,Y]
Adding this equation to (2.12) and using (2.1), we get (2.13).

Corollary 2.6 The equation (2.13) is equivalent to

(2.14) E(T,Y) = N(T,Y) + A([T, YT + [T, Y |
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Proof. Putting T for X in (2.13) and using (1.1), we obtain (2.14).

Theorem 2.5 Let

(215) HX, V)= [X,Y]-[X,Y],

Then

(216) HX,Y)+H(X,Y)=NXY)—AX|[T,Y]|-AX)IT, Y] - AX)A(T, YT
Proof. Barring X in (2.15) and using (1.1), we get
HX,Y)=-[X,Y]-AX[T, Y]+ [X,Y ]+ A)IT,Y ]

Barring the whole equation and using (1.1), we obtain

HX,Y)=-[XY]-AXI[T,Y |- [X,Y] — A(X,YDT — AX)[T, Y] -
AXOA(T, YDT

Adding this to (2.15) and using (2.1), we get (2.16).

Corollary 2.7 The equation (2.16) is equivalent to

(217) H(T,Y) = N(T,Y) + [T,Y | + [T, Y] + A([T, YT
Proof. Putting T for X in (2.16) and using (1.1), we obtain (2.17).

Theorem 2.6 Let

(218) P, V)= [X,Y]-[X Y]

Then

(219) PX,Y)+P(X,Y)=NXY)-AM[X,T]- AW X, T1-AWMA(X,T]T
Proof. Barring Y in (2.18) and using (1.1), we get

PX,Y)=-[XY ]-AM[X, T]+[X, Y1+ AW[X,T]
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Barring the whole equation and using (1.1), we obtain

PX,Y)=-[XY]-AM[X, T]-[X,Y]1-A(X,Y DT - AWN[X,T1-AWMA(X, T DT

Adding this to (2.18) and using (2.1), we get (2.19).

Corollary 2.8 The equation (2.19) is equivalent to

(220) PX,T)=NX,T)+[X,T]|+[X,T]+A(X,TDT
Proof. Putting T for Y in (2.19) and using (1.1), we obtain (2.20).
Theorem 2.7 In an L-Contact manifold, we have

(2.21) E(T,Y) —H(T,Y) =—[T,Y]

Proof. The result follows from (2.14) and (2.17).

Theorem 2.8 In an L-Contact manifold, we have

(222) HX,Y)+ W =EX,Y)+EX,Y)—-A(X,YDT — AX)[T,Y] -
AQOA(T,YDT

Proof. The result follows from (2.13) and (2.16).
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